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Abstract
Applying the Euler–Maclaurin summation formula, we obtain upper and lower polynomial bounds for the
function x
ex−1 , x > 0, with coefficients the Bernoulli numbers Bk . This enables us to give simpler proofs of
some results of H. Alzer and F. Qi et al., concerning complete monotonicity of certain functions involving
the gamma function (x), the psi function ψ(x) and the polygamma functions ψ(n)(x), n = 1,2, . . . .
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1. Introduction and results
Let f : (0, ∞) → R be a function, which has derivatives of all orders. Then, f is called
completely monotonic on (0,∞), if
(−1)nf (n)(x) 0 for all x ∈ (0,∞) and n = 0,1,2, . . . . (1.1)
If inequality (1.1) is strict for all x ∈ (0,∞) and all n = 0,1,2, . . . then f is said to be strictly
completely monotonic on (0,∞). A characterization of completely monotonic functions is given
by Bernstein’s theorem [5, p. 161], which states that f is completely monotonic on (0,∞) if and
only if
f (x) =
∞∫
0
e−xt dμ(t),
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In view of their important applications in various branches of mathematics, such as probability
theory, numerical analysis, and potential theory, completely monotonic functions have attracted
the attention of many authors who proved several results on these functions and gave many
interesting examples. There is a very extensive literature on examples of completely monotonic
functions involving the classical Euler’s gamma function
(x) =
∞∫
0
tx−1e−t dt, x > 0,
its logarithmic derivative ψ(x) = ′(x)/(x), which is known as the psi or digamma function,
and the derivatives ψ(n)(x) which are called polygamma functions. See [2] and the references
given therein.
In a very recent paper, Feng Qi et al. [4] proved the following theorem.
Theorem 1. The functions
ψ(x) − logx + 1
2x
+ 1
12x2
,
logx − 1
2x
− ψ(x),
ψ ′(x) − 1
x
− 1
2x2
− 1
6x3
+ 1
30x5
,
1
x
+ 1
2x2
+ 1
6x3
− ψ ′(x)
are strictly completely monotonic on (0,∞).
Here we observe that this theorem follows easily from a more general result of H. Alzer
[2, Theorem 8], viz.,
Theorem 2. Let Bk be the Bernoulli numbers defined by
x
ex − 1 =
∞∑
k=0
Bk
xk
k! = 1 −
x
2
+
∞∑
j=1
B2j
x2j
(2j)! , |x| < 2π. (1.2)
For all n = 0,1,2, . . . , the functions
Fn(x) = log(x) −
(
x − 1
2
)
logx + x − 1
2
log(2π) −
2n∑
j=1
B2j
2j (2j − 1)x2j−1
and
Gn(x) = − log(x) +
(
x − 1
2
)
logx − x + 1
2
log(2π) +
2n+1∑
j=1
B2j
2j (2j − 1)x2j−1
are strictly completely monotonic on (0,∞).
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tions −f ′(x) and f ′′(x) are (respectively strictly) completely monotonic too. Hence Theorem 2
yields
Corollary 1. For n = 0,1,2, . . . , the functions
ψ(x) − logx + 1
2x
+
2n+1∑
j=1
B2j
2jx2j
,
logx − ψ(x) − 1
2x
−
2n∑
j=1
B2j
2jx2j
,
ψ ′(x) − 1
x
− 1
2x2
−
2n∑
j=1
B2j
x2j+1
,
−ψ ′(x) + 1
x
+ 1
2x2
+
2n+1∑
j=1
B2j
x2j+1
are strictly completely monotonic on (0,∞).
Noting that B2 = 1/6 and B4 = −1/30, Theorem 1 follows immediately by setting n = 0,1 in
the corollary above. (It is understood that∑0j=1 = 0.) Theorem 2 and Corollary 1 are particularly
useful in obtaining upper and lower bounds for the functions log(x)−(x− 12 ) logx+x, ψ(x)−
logx, and ψ(n)(x), in terms of 1/xk with rational coefficients. These estimates, in turn, can be
used to derive other sharp inequalities involving the gamma and polygamma functions, see [2,4].
In this note we prove the following result which enables us to give a new and simpler proof
of Theorem 2.
Theorem 3. For all m = 1,2, . . . and x > 0 we have
1 − x
2
+
2m∑
j=1
B2j
(2j)!x
2j <
x
ex − 1 < 1 −
x
2
+
2m−1∑
j=1
B2j
(2j)!x
2j . (1.3)
Note that B4m−2 > 0 and B4m < 0 for all m = 1,2, . . . and that for x > 0, 1 − x2 < xex−1 < 1.
Proof. Applying the Euler–Maclaurin summation formula
f (0) + f (1)
2
−
1∫
0
f (t) dt =
k∑
j=1
B2j
(2j)!
(
f (2j−1)(1) − f (2j−1)(0))
+ 1
(2k + 1)!
1∫
0
f (2k+1)(t)B2k+1(t) dt (1.4)
(see [3, p. 617] or [1, p. 823]) for f (t) = ext we obtain
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ex − 1 = 1 −
x
2
+
k∑
j=1
B2j
x2j
(2j)! +
x
ex − 1
x2k+1
(2k + 1)!
1∫
0
etxB2k+1(t) dt. (1.5)
Here B2k+1(t) are the Bernoulli polynomials defined by
xetx
ex − 1 =
∞∑
n=0
Bn(t)
xn
n! .
These polynomials satisfy
B2k+1(1 − t) = −B2k+1(t) and B2k+1
(
1
2
)
= 0
(cf. [3, p. 55]). Since the function f (t) = etx is strictly increasing for t ∈ [0,1] when x > 0 and
B4m−1(t) > 0, B4m+1(t) < 0, for 0 < t < 1/2, m = 1,2, . . . ,
it follows easily that
1∫
0
etxB4m−1(t) dt < 0,
1∫
0
etxB4m+1(t) dt > 0.
Combining these with (1.5), we immediately obtain (1.3) and complete the proof of Theorem 3.
Proof of Theorem 2. Using Binet’s formula
log(x) =
(
x − 1
2
)
logx − x + 1
2
log(2π) +
∞∫
0
(
t
2
− 1 + t
et − 1
)
e−xt
t2
dt, x > 0
(see [3, p. 28]), together with Theorem 3 and taking into account the fact that for x > 0,
k = 0,1,2, . . .
∞∫
0
tke−xt dt = k!
xk+1
,
Theorem 2 follows at once. 
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